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Abstract
Magic squares are a special type of square matrix with many distinctive properties and some engineering applications. Here, I investigated with Python the largest eigenvalue and singular value of sample magic squares with up to 10 rows and columns. I found that, with high accuracy consistent with fractional roundoff error of order 10-16 from double-precision numerical computations, those were both equal to the sum of each row and column of the square; this equality can also be shown analytically.

Introduction
A magic square can be defined as a table of the integers 1 to n2 with the same number of rows as columns (which can be considered an n by n square matrix) where the row, column, and long-diagonal sums are all the same. A 3x3 example using the integers 1 to 9 is

   8   1   6
   3   5   7
   4   9   2.

Magic squares have long fascinated numerically inclined people and been investigated by mathematicians. They also relate to some engineering applications. For example, Abiyev et al. (2004) suggested that magic squares could be used to analyze the center of mass of systems that are arranged in a square lattice. Adetokunbo (2015) studied magic-square matrices as well as magic-cube tensors for convolving with fuzzy subsurface images to detect edges that correspond to changes in rock type. 

Here, following Exercise 10.2 of Moler (2004), I use Python, specifically the NumPy library, to investigate some matrix properties of magic squares, specifically their largest eigenvalues and singular values. Eigenvalues and their uses were discussed in Section 4 of the class, although not in relation to magic squares specifically. Singular values of a matrix were not discussed in class but can, like eigenvalues, be obtained numerically using NumPy functions. 

Methods
As mentioned in class, eigenvalues of a square matrix A are defined as those numbers λ such that 

Av = λv

for some vector (column matrix) v, which is termed an eigenvector of A. The largest and smallest eigenvalues of a matrix can have special significance, e.g. in connection to the shear building model discussed in class.

The singular value decomposition of a (not necessarily square) matrix M can be defined as (Moler 2004, Section 10.1):

M = USVH

where U and V are orthogonal square matrices, "orthogonal" meaning that UHU and VHV are identity matrices (H designates a matrix's Hermitian transpose, which is the same as the ordinary transpose for a matrix of real numbers), and S is a diagonal matrix. The diagonal elements in S, the only ones that are nonzero, are termed the singular values of M. They are the same as the square roots of the eigenvalues of MHM or MMH, and are all nonnegative real numbers, conventionally arranged in descending order.

As per the NumPy documentation, numpy.linalg.eigvals(A) computes numerically the eigenvalues of a matrix, without also finding the eigenvectors. Similarly, numpy.linalg.svdvals(M) computes a matrix's singular values, returned as a 1-D array.

NumPy doesn't come with a function to generate magic squares, so I used one posted on Stack Exchange (user6655984 2017). This post also included a function to test that arrays satisfy the definition of magic squares, which I used to check that correct squares were generated.

I computed and displayed the eigenvalues and singular values for magic squares with n ranging from 3 to 10, and plotted the largest values to look for patterns.

Since the eigenvalue and singular value computations in NumPy are numerical, we can expect fractional roundoff errors in their determination of the order of the machine epsilon, or ~10-16 in the default double precision, unless there is something special about magic squares that will give larger numerical errors. The magic squares themselves are exact in Python since their entries are all small integers, which Python can represent exactly.

The matplotlib.pyplot library (functions plot, legend, xlabel, ylabel, savefig) is used to generate and export a plot of the largest eigenvalue and largest singular value as functions of n.

Results
The largest eigenvalue and largest singular value for each magic square were both essentially equal to the sum of elements in each square's row/column/diagonal, that is n(n2+1)/2 (15 for n = 3, 34 for n = 4, and so on). Taking this sum as the exact value (which can also be determined analytically, see below), the numerical error in the NumPy value could be computed for each n. Figure 1 shows that these relative errors are not much bigger than double-precision machine epsilon. Interestingly, the error in the singular value is rather less than that in the eigenvalue, which may be due to singular values being better conditioned than eigenvalues and thus less vulnerable to roundoff error during the computation (this would need to be confirmed using different matrices also). There is also no clear sign that error increases as n grows larger, although this might be expected to be the case if we go to much bigger n because the computation will then have more steps where there are more opportunities for roundoff error to occur and accumulate. In fact, printing all the eigenvalues (shown in the Appendix) reveals that for n of 8 and 10, the eigenvalues have small imaginary components, probably due to roundoff error (in which case those eigenvalues would be real in exact math). Also, for even n, some eigenvalues and eigenvectors have very small magnitudes (comparable to machine epsilon) and can be hypothesized to really be exactly zero (cf. Loly et al. 2009 for the numbers of complex and zero eigenvalues seen in magic squares of different sizes).
[image: ]Figure 1. Fractional roundoff error in the NumPy numerical computation of the largest eigenvalue and singular value of magic square matrices of different sizes.

We can check from the definition of eigenvectors and eigenvalues that this magic sum (the sum of each row and column) must be an eigenvalue of a magic square, with a vector of all ones being the corresponding eigenvector; this can be proved to be the largest eigenvalue of the magic square (Loly et al. 2009, Section 2.2). The largest singular value of any matrix is equal to the matrix's 2-norm (Golub and Van Loan 1996, Section 2.5.3, Equation 2.5.8); since a magic square has a 2-norm equal to its magic sum (proofs in Güttel 2015, 12(iii) and Nagisa 2022, Theorem 3.5), the largest singular value of a magic square must also be equal to the magic sum.

Conclusion
I was able to numerically solve the given problem of finding the largest eigenvalue and largest singular value of magic square matrices, for which the analytical solutions are also known. NumPy finds both eigenvalues and singular values accurately, subject to the usual roundoff error in double precision.
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Appendix: Python code and printed outputs

import numpy as np

#the following two functions are from user6655984 (2017), as cited in the paper

def magic(n):
  n = int(n)
  if n < 3:
    raise ValueError("Size must be at least 3")
  if n % 2 == 1:
    p = np.arange(1, n+1)
    return n*np.mod(p[:, None] + p - (n+3)//2, n) + np.mod(p[:, None] + 2*p-2, n) + 1
  elif n % 4 == 0:
    J = np.mod(np.arange(1, n+1), 4) // 2
    K = J[:, None] == J
    M = np.arange(1, n*n+1, n)[:, None] + np.arange(n)
    M[K] = n*n + 1 - M[K]
  else:
    p = n//2
    M = magic(p)
    M = np.block([[M, M+2*p*p], [M+3*p*p, M+p*p]])
    i = np.arange(p)
    k = (n-2)//4
    j = np.concatenate((np.arange(k), np.arange(n-k+1, n)))
    M[np.ix_(np.concatenate((i, i+p)), j)] = M[np.ix_(np.concatenate((i+p, i)), j)]
    M[np.ix_([k, k+p], [0, k])] = M[np.ix_([k+p, k], [0, k])]
  return M 

def test_magic(ms):
  n = ms.shape[0]
  s = n*(n**2+1)//2 #the magic sum given n
  columns = np.all(ms.sum(axis=0) == s)
  rows = np.all(ms.sum(axis=1) == s)
  diag1 = np.diag(ms).sum() == s 
  diag2 = np.diag(ms[::-1, :]).sum() == s
  return columns and rows and diag1 and diag2 

[test_magic(magic(n)) for n in range(3, 20)] #checks the generated squares for correctness

[np.True_,
 np.True_,
 np.True_,
 np.True_,
 np.True_,
 np.True_,
 np.True_,
 np.True_,
 np.True_,
 np.True_,
 np.True_,
 np.True_,
 np.True_,
 np.True_,
 np.True_,
 np.True_,
 np.True_]
lmax = np.empty(8)
smax = np.empty(8)
for i in range(3, 11): #squares of size 3 to 10
    M = magic(i)
    print(M)
    L = np.linalg.eigvals(M) #eigenvalues
    print(L) #print all the values
    lmax[i-3] = L[0] #store the largest value
    S = np.linalg.svdvals(M) #singular values
    print(S)    
    smax[i-3] = S[0] #store the largest value

[[8 1 6]
 [3 5 7]
 [4 9 2]]
[15.          4.89897949 -4.89897949]
[15.          6.92820323  3.46410162]
[[16  2  3 13]
 [ 5 11 10  8]
 [ 9  7  6 12]
 [ 4 14 15  1]]
[ 3.40000000e+01  8.94427191e+00 -8.94427191e+00  2.05764328e-15]
[3.40000000e+01 1.78885438e+01 4.47213595e+00 4.17280695e-16]
[[17 24  1  8 15]
 [23  5  7 14 16]
 [ 4  6 13 20 22]
 [10 12 19 21  3]
 [11 18 25  2  9]]
[ 65.         -21.27676547 -13.12628093  21.27676547  13.12628093]
[65.         22.54708869 21.68742536 13.403566   11.90078954]
[[35  1  6 26 19 24]
 [ 3 32  7 21 23 25]
 [31  9  2 22 27 20]
 [ 8 28 33 17 10 15]
 [30  5 34 12 14 16]
 [ 4 36 29 13 18 11]]
[ 1.11000000e+02  2.70000000e+01 -2.70000000e+01  9.79795897e+00
 -1.20192931e-14 -9.79795897e+00]
[1.11000000e+02 5.06802116e+01 3.43839243e+01 1.01448747e+01
 5.59851971e+00 8.50091444e-16]
[[30 39 48  1 10 19 28]
 [38 47  7  9 18 27 29]
 [46  6  8 17 26 35 37]
 [ 5 14 16 25 34 36 45]
 [13 15 24 33 42 44  4]
 [21 23 32 41 43  3 12]
 [22 31 40 49  2 11 20]]
[175.         -56.48482668 -31.08815856 -25.39666812  56.48482668
  25.39666812  31.08815856]
[175.          57.43562359  57.43562359  31.55255885  31.55255885
  24.60864019  24.60864019]
[[64  2  3 61 60  6  7 57]
 [ 9 55 54 12 13 51 50 16]
 [17 47 46 20 21 43 42 24]
 [40 26 27 37 36 30 31 33]
 [32 34 35 29 28 38 39 25]
 [41 23 22 44 45 19 18 48]
 [49 15 14 52 53 11 10 56]
 [ 8 58 59  5  4 62 63  1]]
[ 2.60000000e+02+0.00000000e+00j  5.18459256e+01+0.00000000e+00j
 -5.18459256e+01+0.00000000e+00j  1.34305354e-14+0.00000000e+00j
 -7.85756733e-15+6.29715957e-15j -7.85756733e-15-6.29715957e-15j
 -2.31461886e-15+4.72397967e-15j -2.31461886e-15-4.72397967e-15j]
[2.60000000e+02 1.46642422e+02 1.83303028e+01 2.00456568e-14
 9.66097890e-15 6.92618505e-15 5.41612706e-15 1.14539654e-15]
[[47 58 69 80  1 12 23 34 45]
 [57 68 79  9 11 22 33 44 46]
 [67 78  8 10 21 32 43 54 56]
 [77  7 18 20 31 42 53 55 66]
 [ 6 17 19 30 41 52 63 65 76]
 [16 27 29 40 51 62 64 75  5]
 [26 28 39 50 61 72 74  4 15]
 [36 38 49 60 71 73  3 14 25]
 [37 48 59 70 81  2 13 24 35]]
[ 369.         -118.41407217  118.41407217   63.00687636   41.12470113
   46.47580015  -63.00687636  -41.12470113  -46.47580015]
[369.         119.52937197 119.51275947  63.23795351  63.0679193
  51.96152423  41.56921938  40.75741394  40.54209614]
[[ 92  99   1   8  15  67  74  51  58  40]
 [ 98  80   7  14  16  73  55  57  64  41]
 [  4  81  88  20  22  54  56  63  70  47]
 [ 85  87  19  21   3  60  62  69  71  28]
 [ 86  93  25   2   9  61  68  75  52  34]
 [ 17  24  76  83  90  42  49  26  33  65]
 [ 23   5  82  89  91  48  30  32  39  66]
 [ 79   6  13  95  97  29  31  38  45  72]
 [ 10  12  94  96  78  35  37  44  46  53]
 [ 11  18 100  77  84  36  43  50  27  59]]
[ 5.05000000e+02+0.00000000e+00j  7.50000000e+01+0.00000000e+00j
 -7.50000000e+01+0.00000000e+00j -4.25535309e+01+0.00000000e+00j
 -2.62525619e+01+0.00000000e+00j  4.25535309e+01+0.00000000e+00j
  2.62525619e+01+0.00000000e+00j -4.31197782e-14+0.00000000e+00j
 -4.74648016e-15+1.25748193e-14j -4.74648016e-15-1.25748193e-14j]
[5.05000000e+02 2.54858884e+02 1.22954238e+02 3.68347427e+01
 3.05167350e+01 2.33507889e+01 2.05152580e+01 3.62180251e-14
 6.29351695e-15 9.83865243e-16]
n = np.arange(3, 11)
ls = n * (n**2+1) / 2 #magic sum, of each row/column

from matplotlib.pyplot import plot, legend, xlabel, ylabel, savefig
plot(n, abs(lmax-ls)/abs(ls), n, abs(smax-ls)/abs(ls)) #fractional error as defined in Section 2 of class
legend({'Eigenvalue', 'Singular value'})
xlabel('Square size (n)')
ylabel('Fractional error')
savefig("Figure.svg") #Figure 1, shown above
image1.png
16

Fractional error
°© o o & = =
= & ® o N ®

°
o

°
°

le-15

—— Eigenvalue
—— singular value

6 7
Square size (n)





image2.svg
 
  
   
    
     
     2026-08-12T11:03:21.016478
     image/svg+xml
     
      
       Matplotlib v3.10.0, https://matplotlib.org/
     
    
   
  
 
  
   *{stroke-linejoin: round; stroke-linecap: butt}
 
  
   
    
  
   
    
     
   
    
     
      
       
        
      
       
        
      
     
      
      
       
        
         
       
        
      
     
    
     
      
       
        
      
     
      
      
       
        
         
       
        
      
     
    
     
      
       
        
      
     
      
      
       
        
         
       
        
      
     
    
     
      
       
        
      
     
      
      
       
        
         
       
        
      
     
    
     
      
       
        
      
     
      
      
       
        
         
       
        
      
     
    
     
      
       
        
      
     
      
      
       
        
         
       
        
      
     
    
     
      
       
        
      
     
      
      
       
        
         
       
        
      
     
    
     
      
       
        
      
     
      
      
       
        
         
         
       
        
        
      
     
    
     
     
      
       
        
        
        
        
        
        
        
        
        
        
        
        
        
      
       
       
       
       
       
       
       
       
       
       
       
       
       
       
       
     
    
   
    
     
      
       
        
      
       
        
      
     
      
      
       
        
         
       
        
        
        
      
     
    
     
      
       
        
      
     
      
      
       
        
         
       
        
        
        
      
     
    
     
      
       
        
      
     
      
      
       
        
        
        
      
     
    
     
      
       
        
      
     
      
      
       
        
        
        
      
     
    
     
      
       
        
      
     
      
      
       
        
        
        
      
     
    
     
      
       
        
      
     
      
      
       
        
        
        
      
     
    
     
      
       
        
      
     
      
      
       
        
        
        
      
     
    
     
      
       
        
      
     
      
      
       
        
        
        
      
     
    
     
      
       
        
      
     
      
      
       
        
        
        
      
     
    
     
     
      
       
        
        
        
        
        
      
       
       
       
       
       
       
       
       
       
       
       
       
       
       
       
       
     
    
     
     
      
       
        
      
       
       
       
       
       
     
    
   
    
     
   
    
     
   
    
     
   
    
     
   
    
     
   
    
     
   
    
     
      
    
     
      
    
     
     
      
       
        
        
        
      
       
       
       
       
       
       
       
       
       
       
     
    
     
      
    
     
     
      
       
       
       
       
       
       
       
       
       
       
       
       
       
       
     
    
   
  
 
  
   
    
  
 



