Solution to Problem 4.15

March 14, 2011

Here, R(z) =1, P(x) =2 — 1, Q(v) = —aw.
‘We therefore have

fs+k)=(G6+k)(s+k—1)—(s+k)=(s+k)(s+k—2) (1)

and
gn(s+k)=(s+k—-1)—aifn=1and 0ifn > 1. (2)

The indicial equation is

f(s)=(s)(s —2) =0, (3)
so that s =0 or 2.
For k > 1, we therefore have

(s+k)(s+hk—2)Apr = —((s+k—1) —a)Asp_1. (4)

Suppose s = 2. Then

k(k+2)Ar=—(k+1—a)Ai_1. (5)
Or, since k(k + 2) is positive for all k,

a—k—1

Av = k(k +2)

Ag_1. (6)
This uniquely determines all Ay (with only Ay arbitrary).
If o is an integer > 2, the series only has finitely many terms, and the
solution is a polynomial of degree «



Suppose s = 0. Then

/{3(/{3 — 2)Ak = —(/{3 —1- Oé)Ak_l. (7)

For k =1,
*Al = OZA(). (8)

For k = 2,
0= (1 - CY)Al. (9)

For k > 3, k(k — 2) is positive, and

a—k+1
k(k—2)

If @« # 0 or 1, we have that A; = 0, Ay = 0, A, is arbitrary, and all
subsequent Aj. But this contradicts our assumption that Ag # 0. Therefore,
there is no regular solution with s = 0. (The power series starting with As is
the same as the solution with s = 2.)

If « = 0, then Ag is arbitrary, A; = 0, and then A, is arbitrary (and
multiplies the second solution). So the general solution is

Ay = Ap_1. (10)

A+ Agz®(1-22 /3422 /4—2 J15+. . ) = Ag+2422°%(1/2!—2x /314327 /4! — 4z /51+. . ).
(11)
If @« = 1, then Aq is arbitrary, A; = —Ap, and then Ay is arbitrary again.
So the general solution is

Ag(1—2)+Ag2?(1—2 /3422 /12—2% /60+...) = Ag(1—2)+2A92%(1/2!— /3422 /4! —2® /5! +. . ).
(12)



