Solutions to Homework 11

May 23, 2011

9.52

The problem is

1
wm+wyy:C—zwtt,for0<x<L,0<y<L
w(x=0)=w(z=L)=w(ly=0)=w(y=L)=0;wbounded.

Looking for separable solutions by substituting

w(xv Y, t) = X($)Y(y)T(t),

we get
1
X"YT+XY'T = —QXYT” JJor0<z <0<y <l
c
X(0)=X(L)=Y(0)=Y(L) =0; X,Y, T bounded.
or
AT YT s
X 2T Y
T// 9 Y// 9
ar TR =y =

giving us Storm-Liouville problems for X and Y, with general solutions

X"+ k*X =0 — X = ¢y sin(kx) + ¢z cos(kx)
Y" +12Y =0 — Y = dysin(ly) + do cos(ly)

Using the boundary conditions, we need

mm

02:0, km:T, m:1,2,37...
mm

d2:0, ln:T7n:1,2,37...



For T, the general solution is
T + A2+ 12)T = 0 — T = ey sin(c/ k2 + 12t) + e cos(cV/ k2 + 12t)

with no boundary conditions applicable. However, the requirements on &

and [ mean that cv/k2 + (2 will be in the form ¢,/ mz;Tz + mL2§2 , or F/m?2 4 n2.
Considering a superposition of these separable solutions across positive integer
m and n and consolidating the coefficients into ayn = cimdin€amn, bmn =

Cimd1n€1imn, We get

w(z,y,t) = Z Z sin(w) sin(mry)(amn cos(v/m? + nzﬂ—i-bmn sin(v/m? + nQﬂ))
== L L L L
as requested (noting that ¢* = 7).

9.58

(a) The problem for the steady-state case is

Tza: =0
T(0) =Ty, MT,(L) +T(L) — Ty =0

The general solution is T'(z) = a + T, and putting in the boundary condi-
tions we get

T()—CL
a=Tub=7"97
, leading to
o Tl—TQSIJ

(b) The problem for the transient distribution Trr(x,t) (henceforth just T')
now is

1
Trw = =T, O<z<L,t>0
«
T(0,t) =0, WT,(L,t) +T(L,t) =0, T(x,0) = f(z) — Ts(x), tllm T=0
Looking for separable solutions,
T=X(x)T(t) —
1
X'T = —2XT' —
«
X// T/

b R —
X o?T

X(0) =0,hLX' (L) + X (L) = 0, tligloT:O



giving us general solutions for X and T

X"+ k*X =0 — X = ¢y sin(kx) + ¢z cos(kx)
T + k2T =0 T = de o™

From the homogenous boundary conditions on X, ¢; = 0 and hLk cos(kL) +
sin(kL) = 0, implying that kL must be a root of the equation hx + tan(x) = 0.
Call these roots k,,.

The homogenous boundary condition for T is satisfied as long as k2 is posi-
tive.

The general solution is obtained by superposition over n:

> knx
. nl 1. 2.2 2
E ay, Sin —2= e~ kn"at/L
L
n=1

with a,, = c1ndin-

(¢c) Because X, () satisfy a Storm-Liouville problem, the characteristic func-
tions {sin k"T“", n=1,2,3,...} form an orthogonal set over [0, L] and the function
f(z)—Ts(x) can be expanded in terms of them, with expansion coefficients given

by

Jo' (f(z) = Ts(x)) sin y2 da

L . 2k,
fo sin Td:c

A, =

and equating these with a,, in the general solution to the PDE we obtain a
solution that meets all the boundary conditions.

9.62
(a)
The problem is

1 1
T+ -T.= =T, 0<r<a,t>0
r o

T(a,t) = Ty cos(wt), T finite

For the proposed solution, we have

T(r,t) = Re(F(r)e™t) = Re(F(r)) Re(e™?!) — Im(F(r)) Im(e™") = cos(wt)FE(r) + sin(wt) FL (r)

where F'® = Re(F) and F! = Jm(F). The condition at r = a gives
that cos(wt)FR(a) + sin(wt)F(a) = Ty cos(wt), which requires F!(a) = 0 and
FE(a) = Ty. Also, if FE(0) or F¥(0) are infinite than 7(0,t) will be infinite at
t =0 ort = - respectively, so both must be finite. Further,



T, = cos(wt)FE + sin(wt)FL = Re(F,.e™?)
T, = cos(wt) FE 4 sin(wt)F! = Re(F,e™?)
T, = —wsin(wt)FE + wcos(wt)FI = wRe(iFe'?)

Substituting into the PDE, assuming that the imaginary part also satisfies
it so that we can remove the fRe(), and dividing by the common factor !, we
get the given equation.

(b)

The equation derived has the form of Eq. 4.145, with solutions Zo(i3/2§r),
where the most general solution that is finite when r = 0 is F'(r) = C'Jy (i3/2§r) =
C(ber( ‘/Jr)—i-ibei(@r)). Adding the boundary condition at r = a to determine

C gives the form shown.
(¢) From above,

() = Re(U0,0) =Tl

(cos(wt) + isin(wt) }

Now a complex number z = z + iy can be written as /22 + y2ettan  v/@
(magnitude times phase). So

—1 bei(kr)

ber(kr) + ibei(kr) = \/ber2(kr) + bei? (kr)e' ™™ verGn = My (kr)et%ohr)

, where My and 6, are real. Substituting,

T(r,t) = Re(U(r,t)) = me(mei“")(k’”—@ﬂ‘“”')*‘“”)

— %O(kr) Re((cos(Oo(kr) — Oo(ar) + wt) + isin(bo(kr) — Oo(ar) + wt))
o(ar)

~ My(kr)

= W00 con(ar)— o)+

(d)
ber(0) = 1 and bei(0) = 0, so My(0) = 1 and 65(0) = 0. Substituting into
the above, we get the given expression.

9.72
(a)

This follows because the general solutions from separation of variables are



X (x) = ey sin(kx) + co cos(kx)
T(t) = dj sin(ket) + ds cos(ket)

and the homogenous boundary conditions give co = 0,d; = 0 and k, =
nrx/L,n = 1,2,3,.... This is a Storm-Liouville problem in X(z), and the
formula for the coefficients a,, follows from the Fourier sine series for f(z) setting
t=0.

(b) 2(sin(nmz/L) cos(nmet/L)) = sin(nmz/L4+nmct/L)+sin(nrz/L—nwet/L)
by the trigonometric identity 2 sin A cos B = sin(A+ B) sin(A — B), so the forms
are term-by-term identical.

9.73
(a)

Separation of variables gives us

AEX'T = XT" + 29XT'
X// T/l Tl
X ~eor tYaer

S X"+ kX =0,T" + 29T + kK**T =0

= —k?

where the exponents for the exponential solutions are +ikz for X (z) and

2

(—y £ /%2 = k2A)t = (—y Licky /1 — #)t

for T'(t). Combining the two gives us the form shown.

b

](Ex)pressing X(x) in sines and cosines, the boundary conditions eliminate
the cosine term and set k, = %f.n = 1,2,3,.... Expressing T'(t) as e
times sines and cosines in \/k2c? — 2t gives solutions T'(t) = e~ 7 (c; cos(wp,t) +
cosin(wpt)), where w, = /k2¢2 —~2. The homogenous boundary condition
T'(0) = 0 gives —yc1 +wpea = 0. The coefficients a,, are obtained from equating

w(x,0) with the Fourier sine series of f(x).



